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Abstract
The aim of the present study is to make for the first time in the literature a systematic and quantitative assessment of the
evaluation of the imaginary part of the optical potential calculated within the folding model and its consequences on the localization
of surface reactions. Comparing theoretical and experimental reaction cross sections, for some light projectiles on a 9Be, it has
recently been shown that a single-folded (s.f.) (light-) nucleus-9Be imaginary optical potential is more accurate than a double-
folded (d.f) optical potential. Within the eikonal formalism for the cross sections and phase shifts, the single-folded potential was
obtained using a n-9Be phenomenological optical potential and microscopic projectile densities. This paper is a follow-up in which
we systematically study a series of different light and medium-mass projectile induced reactions on 9Be. Our results confirm that
the (s.f.) cross sections are larger than the (d.f.) cross sections and the effect increases with the projectile mass. Furthermore the
strong absorption radius parameter extracted from the S matrices calculated with the (s.f.) has a stable value rs =1.3 - 1.4 fm for all
projectile masses. This indicates that a clear geometrical separation can be made between the region of surface reactions, the region
of strong absorption into other channels and the region of weak nuclear interaction. The (d.f.) results are instead much scattered
and the separation between surface reactions and other channels does not seem to be consistent.
Keywords: Exotic nuclei, optical potentials, folding models.
1. Introduction
In a seminal paper, about forty years ago, De Vries and Peng
[1] shown that the energy dependence of reaction cross sections
for medium to heavy mass nuclei could be reasonably well re-
produced by using the eikonal formalism and a double folding
model for the optical potential and the phase shift. The fold-
ing model had been discussed just one year before by Satch-
ler and Love [2] which however warned that while the double
folding model was well justified for the real potential, it was
less for the imaginary potential because the latter must be all
order in the nucleon-nucleon (nn) interaction [3]. The folding
model was also used with good success by Kox et al. [4] in
a systematic study of reaction cross sections in the intermedi-
ate energy range. From then on the folding model has been
one of the most used methods to generate optical potentials
and there is a huge literature on the subject, see for example
Refs.[5, 6, 7, 8, 9, 10, 11, 12] and references therein. Because of
the incertitude on the method for the imaginary potential, in cal-
culations of elastic scattering, transfer, partial fusion and fusion
while the real potential is often obtained by double folding the
projectile and target densities with an effective nn interaction,
the imaginary part is treated phenomenologically by a Woods-
Saxon potential or by renormalizing the real folded potential.
However since the advent of radioactive beams, measured to-
tal reaction cross sections have been often studied by the the
Glauber model and the double folding model for the imaginary
potential [14, 15, 17, 18, 16, 13]. Total reaction cross sections
are relatively easy to measure and using the folding model one
might hope to obtain information on the density distribution of
the exotic nucleus projectile. On the other hand there would still
be some sensitivity to the target density and the nn interaction.
9Be has been one of the most used targets in reactions with
radioactive beams. It is very deformed [2] and it has strong
breakup channels. There exist an almost continuous series of
neutron-9Be data as a function of the neutron incident energy.
The optical potentials of Ref.[19] were able to reproduce at the
same time all those data, namely the total, elastic and reaction
cross sections and all available elastic scattering angular distri-
butions. Using such potential it has recently been shown that
a single-folded (s.f.) (light)-nucleus-9Be imaginary optical po-
tential is more accurate than a double-folded (d.f) optical po-
tential. Within the eikonal formalism for the cross sections and
phase shifts, the single-folded potential was obtained using the
n-9Be phenomenological optical potential [19] and various mi-
croscopic projectile densities[20, 21] for light projectiles such
as 9C, 8Li and 8B. This paper is a follow-up in which we sys-
tematically study a series of different light and medium mass
projectile induced reactions on 9Be.
We hope to clarify the sensitivity of the results for reac-
tion cross sections, S matrices and strong absorption radii to
the method used to obtain the optical potential and the phase
shifts. For all these reactions resumed in Table I, our interest is
to assess the interaction of the projectile with the target. In par-
ticular we wish to understand whether there is a clear and con-
sistent way to determine geometrical parameters that can help
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determine the range of impact parameters for which surface re-
actions dominate the projectile-target interaction from regions
in which the strong absorption regime applies. For example in
the case of fusion and incomplete fusion on heavy targets the
experimental localization of varius reactions has been of fun-
damental importance in disentangling the reaction mechanisms
[22].
In the following from the calculated S -matrices we obtain
the values of the strong absorption radii and then the value of
the strong absorption radius parameter. The latter needs to be an
almost constant quantity in order to consider reliable a geomet-
rical model such as the eikonal model. The eikonal approach
[23] is used in this paper to obtain the phase shifts, S matri-
ces and reaction cross sections. Most of the reactions discussed
here are calculated in the incident energy range 40-100 A. MeV
and just a few at smaller or larger energies. At small energy our
calculations for the phase-shift are performed by substituting
the impact parameter with the classical distance of closest ap-
proach [24, 1]
2. Reminder of eikonal formulae
As in Ref.[1] we calculate the eikonal reaction cross section
according to
σR = 2pi
∫ ∞
0
b db (1− | S PT (b) |2) (1)
where
| S PT (b) |2= e2χI (b) (2)
is the probability that the projectile-target (PT) scattering is
elastic for a given impact parameter b.
The imaginary part of the eikonal phase shift is given by
χI(b) =
1
~v
∫
dz WPT (b, z)
=
1
~v
∫
dz
∫
dr1WnT (r1 − r)ρP(r1) (3)
where WPT is negative defined as
WPT (r) =
∫
db1WnT (b1 − b, z)
∫
dz1 ρP(b1, z1). (4)
This quantity is the imaginary part of the single-folded optical
potential given in terms of a nucleon-target (nT) optical poten-
tial WnT (r) and the matter density ρP(b1, z1) of the projectile.
In the single-folding method used in this paper, WnT (r) is the
imaginary part of the n+9Be phenomenological nucleon-target
potential (AB) of Ref. [19]. In the double-folding method, WPT
is obtained from Hartree-Fock microscopic densities ρP,T (r) for
the projectile and target respectively and an energy-dependent
nucleon-nucleon (nn) cross section σnn, i.e.,
WPT (r) = −1
2
~vσnn
∫
db1 ρT (b1−b, z)
∫
dz1 ρP(b1, z1). (5)
Also
WnT (r) = −1
2
~vσnnρT (r) (6)
is a single-folded zero-range n-target imaginary potential and
v is the nucleon-target velocity of relative motion. The WnT
potential of Eq.(6) has the same range and profile as the target
density because σnn is a simple scaling factor. On the other
hand the phenomenological potential of Eq.(4) has a range and
in particular a profile which represents the localization of the
various n-target reactions (c.f. figures in Ref.[20, 21]). With
the potential of Eq.(5), the phase shift becomes:
χI(b) = −12σnn
∫
db1
∫
dz ρT (b1 − b, z)
∫
dz1 ρP(b1, z1).
(7)
At low energy (Einc <40A.MeV), as suggested by [24, 25,
1] we substitute the impact parameter b with the classical dis-
tance of closest approach d = b +
√
b2 + a2c where ac is the
Coulomb length parameter.
A finite-range potential can also be defined as:
WPTI (r) = −
1
2
~v
∫
dr1dr2 ρP(r1) ρT (r2)vnn(r1 + r − r2) (8)
where vnn can be a zero-range or a finite-range nucleon-nucleon
interaction such as Gogny [26] or M3Y [27] or a phenomeno-
logical form. However, the imaginary parts obtained in this way
need to be renormalized most of the time. For this reason we
do not use such a method here.
The previous equations can be generalized in a obvious way
in order to distinguish between the proton and neutron densities
and the proton-neutron and proton-proton cross sections, using:
ρP = ρ
n
P + ρ
p
P, and W
nT (r) = − 12~v(σnpρpT (r) + σppρnT (r)).
This is the formalism followed in the present work.
The strong-absorption radius Rs [25, 28] is obtained from
the S-matrices calculated according to Eq.(2) as the radius where
| S PT (Rs) |2= 12 , and a ”strong absorption radius parameter” rs
can be extracted from
Rs = rs(Einc)(A
1/3
P + A
1/3
T ). (9)
We will in the following refer to the previous formulae, this
is why, although they are well known, we resume them here. In
this way we have a set of quantities which define the geometry
of the reactions in a transparent way and allow comparisons be-
tween different projectile-target combinations and incident en-
ergies.
In Ref.[20, 21] we compared results obtained using different
microscopic densities. We found that the Hartree-Fock densi-
ties described better the reaction cross section values. For this
reason we will present here only results obtained using HF den-
sities calculated with the code HFBTHO [29]. We use forσpp,np
the parametrization of Ref. [30]. In this paper we compare re-
sults obtained with the potential defined in Eq.(4) and Eq.(5).
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Figure 1: (Color online) Reaction cross sections from Eq. (1). These in-
clude the double-folded (d.f.), red triangles and the single-folded (s.f.), blue
crosses results. Mass number refers to the AP nuclei of Table I.
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Figure 2: (Color online) Values of the rs parameters as a function of the
projectile-mass. They correspond to the strong absorption radii of Eq.(9)
for the S matrices. Red triangles from the the double-folded potentials, and
blue crosses from the single-folded potentials.
3. Results
Fig.1 and Table 1 show the calculated reaction cross sec-
tions as a function of the projectile mass. In Fig. 1 the results of
Eqs.(1,4), blue crosses, obtained by single-folding of the (AB)-
potential [19] with the HF projectile density are almost always
larger than the double - folding cross sections from Eqs.(1,5),
red triangles, again in agreement with what found in Ref.[21].
Notice that the systematics presented here is different than in
Ref.[21]. There we studied the energy dependence of 9C +9Be
scattering while here we are studying various systems Ap +9Be
in the range of incident energy 40-100AMeV. In Table I we give
the reaction cross sections on 9Be (fourth column) of the nuclei
indicated in the first column, incident energies on the second
column and strong absorption radius parameter (fifth column)
from Eq.(9). Results are given for the single folding and double
folding methods as indicated in the third column.The sixth and
seven columns contain the HF radii of the projectiles and HF
radius parameter for the sake of completeness.
From the obtained S matrices we extract the strong absorp-
tion radii according to | S PT (Rs) |2= 12 . Then using Eq.(9) we
obtain the values of the rs parameter given in the fifth column
of Table I. They are also shown in Fig. 2. Red triangles are
obtained from the calculations with the double-folded poten-
tials while blue crosses are from the single-folded potentials as
a function of the projectile-mass. It is very interesting to note
that almost all (s.f.) results are concentrated in the range rs
=1.3 -1.4 fm as predicted [25] for heavy-ion reactions and al-
ways used in the past by us in analytical forms of the S matrix
[13, 28] of the type
| S PT |2= exp (−ln2e(Rs−b)/a). (10)
The results from (d.f.) potentials are more scattered. This is
due in part to the sensitivity to the incident energy which is
treated in a more approximate way, partially to a less accurate
localisation of the n-target scattering. The two red triangles
corresponding to rs >1.4fm from the (d.f.) calculation, are due
to 5Li and 9C scattering around 30A.MeV, which is the small-
est energy considered in this paper. The effect is less dramatic
when using the (AB) potential and the single folding method
for the target. Thus we note that in almost all cases the use of
3
the phenomenological n-target potential produces larger cross
sections and a localization of the projectile-target scattering at
larger impact parameters than the double folding, as seen in
Fig.2. This is in agreement with what found in Ref.[21] where
we studied the 9C +9Be scattering. It is due to the fact that the
(AB) potential contains correctly all surface effects and energy
dependence of the n+9Be scattering. Note that the 9Be target is
itself a weakly bound, strongly deformed nucleus. If the reac-
tion cross sections are larger with the (s.f) model it means that
| S PT (b) |2 is localized at larger impact parameters and thus will
be the elastic scattering.
In Fig.2 and Table I we provide also for comparison and
completeness the values of the radius-parameters of the HF den-
sities, green points, for the given projectile nuclei, defined as
RHF = rHFA1/3. They are scattered around with respect to the
projectile mass and then we cannot extract from them a uniform
rs(HF) radius parameter. This is due to the fact that the HF ra-
dius is obtained from the total density, sum of the proton and
neutron densities which are very different for the nuclei studied
here.
4. Conclusions
In this paper we have made for the first time in the literature
a systematic comparison of calculated reaction cross sections
on a 9Be target. Calculations are made via a (s.f) vs. (d.f.)
optical potential considering the strong absorption radius as a
significative parameter to extract. From the results presented,
in particular Fig. 2 and Table I of this work it appears evident
that the (d.f.) method, used to calculate optical potentials, phase
shifts and S matrices, localises the overlap and elastic scatter-
ing between exotic projectiles and the 9Be target at smaller dis-
tances than the (s.f.) method and with no consistent distinction
between the surface region and the region of strong absorption.
This produces smaller reaction cross sections on a 9Be target.
Also it appears that the radius parameter of the (HF) densities
shows strong variations as a function of projectile mass and
the difference in the number of neutrons and protons. In our
opinion, this could make it a doubtful quantity for systematic
reaction studies. Furthermore, because of the not consistent lo-
calization of surface reactions, results might suggest unrealistic
and unphysical correlations in the analysis of experimental data.
On the other hand the (s.f.) model has provided very sta-
ble values of the strong absorption radius parameter rs=1.3 -
1.4 fm indicating that the (s.f.) model is more reliable than
the (d.f.) model in practical applications while being also bet-
ter justified from a fundamental point of view as the n-target
phenomenological interaction contains all order effects. Small
variations between the two values are due to the energy depen-
dence of the cross sections. Finally we suggest that the value
rs=1.4 fm could be used in Eqs. (9,10) to estimate S-matrices,
predict cross sections and plan future experiments. Excellent
parametrizations of the n-nucleus potential exist also for heavy
targets, for example the Mahaux and Sartor potential [31] or in
general global parametrizations such as Koning and Delaroche
[32]. The results presented here suggest that using them with
an appropriate projectile density in a single folding procedure
could provide more realistic and better justified potentials than
those obtained from a double-folding procedure. In the case of
exotic nuclei projectiles one could isolate in a clearer and more
accurate way the dependence of total reaction cross sections on
the projectile density.
Acknowledgements
This work was done while one of us (I.M.) was visiting the
INFN, Sezione di Pisa and Department of Physics, University
of Pisa. I.M. acknowledges the full financial support from the
University of Pisa under scheme ERASMUS+ KA107 Interna-
tional Mobility. She is also grateful to Profs. M. Gaidarov, M.
V. Stoitsov and colleagues for allowing her to run and use re-
sults from the code HFBTHO[29].
References
[1] R.M. De Vries, J.C. Peng, Phys. Rev. C 22 (1980) 1055.
[2] G.R. Satchler and W.G. Love, Phys. Rep. 55 183 (1979).
[3] H. Feshbach, Ann. Physics 5 (1958) 357.
[4] S. Kox et al., Phys. Rev. C35,1678 (1987)
[5] Chamon, L.C., Pereira, D., Hussein, M.S., Caˆndido Ribeiro, M.A.,
Galetti, D., Phys. Rev. Lett. 79, 5218 (1997).
[6] L. F. Canto et al., Phys. Rep. 596, 1 (2015).
[7] M. Dupuis, E. Bauge, S. Hilaire, F. Lechaftois, S. Pe´ru, N. Pillet and C.
Robin Eur. Phys. J. A (2015) 51: 168
[8] V. Lapoux and N. Alamanos, Eur. Phys. J. A (2015)51:91.
[9] Dao T. Khoa, Nguyen Hoang Phuc, Doan Thi Loan,and Bui Minh Loc,
Phys. Rev. C94, 034612 (2016)
[10] B. Mukeru, M. L. Lekala, J. Lubian and L. Tomio, Nucl. Phys. A 996,
121700 (2020).
[11] N.Keeley, R.Raabe, N.Alamanos, J.L.Sidac, Progr. Part. and Nucl. Phys.
59, 579 (2007). Prog.Part.Nucl.Phys.59:579-630,2007
[12] J. Lei and A. M. Moro, Phys. Rev. Lett. 122 042503 (2019).
[13] Angela Bonaccorso, Direct Reaction Theory for Exotic Nuclei: An intro-
duction via semiclassical methods,
Progress in Particle and Nuclear Physics, 101(2018) 1-54, and references
therein.
[14] Isao Tanihata, Herve Savajols, Rituparna Kanungo, Prog. Part. Nucl.
Phys. 68 (2013) 215.
[15] A. Ozawa et al., Nucl. Phys. A 691, 599 (2001). A. Ozawa, AIP Conf.
Proc. 865, 57 (2006); http://dx.doi.org/10.1063/1.2398828
[16] M. Fukuda et al., private communication, also D. Nishimura et al., Osaka
Univ. Lab. of Nuclear Studies (OULNS) Annual Report 2006, 37.
[17] G. W. Fan et al., Phys. Rev. C 90, 044321 (2014).
[18] M. Fukuda et al., Nucl. Phys. A 656, 209 (1999).
[19] A. Bonaccorso and R. J. Charity, Phys. Rev. C 89, 024619 (2014).
[20] A. Bonaccorso, F. Carstoiu, R. J. Charity, R. Kumar and G. Salvioni,
Few-Body Syst. 57, 331(2016).
[21] A. Bonaccorso, F. Carstoiu, R. J. Charity, Phys. Rev. C 94, 034604
(2016).
[22] K.J. Cook et al. Phys. Rev. Lett. 122, (2019) 102501.
[23] R.J. Glauber, in: W.E. Brittin, L.G. Dunham (Eds.), Lectures in Theoret-
ical Physics, Vol. 1, Interscience, New York, 1959, p. 315.
[24] L.D. Landau, E.M. Lifshitz, Quantum Mechanics, Pergamon Press, Ox-
ford, 1977, p. 127 Chap. XV
[25] R. Bass, Nuclear Reactions with Heavy Ions, Springer-Verlag, Berlin,
Heidelberg, New York, 1980, Sec. 3.3.
[26] D. Gogny, Proc. Int conf. Nucl. Phys, Munich 1973, eds J. de Boer and
H. J. Mang, p. 48.
[27] N. Anantaraman, H. Toki, and G.F. Bertsch, Nucl. Phys. A 398, 269
(1983).
[28] A. Bonaccorso, D. M. Brink and L. Lo Monaco, J. Phys. G 13 1407
(1987) .
4
[29] Stoitsov, M. V.; Schunck, N. ; Kortelainen, M. ; Michel, N ; Nam, H. ;
Olsen, E. ; Sarich, J. ; Wild, S.; Comp. Phys. Comm. 184, 1592, 2013,
DOI: 10.1016/j.cpc.2013.01.013
[30] C. A. Bertulani, and C. De Conti, Phys. Rev. C 81, 064603 (2010).
[31] C. Mahaux and R. Sartor,Advances in Nuclear Physics, editedby J. W.
Negele and Erich Vogt, Vol. 20 (Kluwer AcademicPublishers, New York,
1991), p. 1.
[32] A. J. Koning , J. P. Delaroche, Nucl. Phys. A 713 231 (2003),
5
Table 1: Reaction cross sections on 9Be (fourth column) of the nuclei shown
in the first column, incident energies on the second column and strong absorp-
tion radius parameter (fifth column) from Eq.(9). As for column fourth results
are given for the single folding and double folding methods. For the sake of
completeness the sixth and seven columns contain the HF radii and HF radius
parameter.
Projectile E(MeV) σ (mb) rs(fm) RHF (fm) rHF (fm)
5Li 20 s.f. 892 1.34
d.f. 1150 1.55
36.6 s.f. 922 1.37
d.f. 998 1.45
60 s.f. 855 1.31
d.f. 878 1.34 2.59 1.51
6Be 65.2 s.f. 830 1.30
d.f. 903 1.33 2.24 1.23
8C 63.8 s.f. 989 1.34
d.f. 978 1.32 2.57 1.28
9Be 80 s.f. 943 1.29
d.f. 905 1.25 2.35 1.12
9C 20 s.f. 1031 1.34
d.f. 1305 1.51
30 s.f. 1048 1.37
d.f. 1194 1.44
60 s.f. 1001 1.34
d.f. 1007 1.32 2.72 1.30
80 s.f. 949 1.29
d.f. 936 1.27
120 s.f. 862 1.25
d.f. 849 1.20
12O 28.5 s.f. 1178 1.37
d.f. 1279 1.44 2.65 1.15
13O 53 s.f. 1169 1.35
d.f. 1061 1.28 2.60 1.10
14C 103 s.f. 1037 1.26
d.f. 935 1.18 2.59 1.07
15C 75 s.f. 1138 1.29
d.f. 1016 1.20 2.64 1.07
23Si 85.3 s.f. 1342 1.32
d.f. 1114 1.17 2.97 1.04
27S 80.7 s.f. 1455 1.31
d.f. 1163 1.18 3.07 1.02
31Ar 65.1 s.f. 1569 1.34
d.f. 1254 1.18 3.19 1.01
31S 62.8 s.f. 1552 1.34
d.f. 1251 1.18 3.12 0.99
32Cl 66.4 s.f. 1568 1.33
d.f. 1246 1.18 3.18 1.00
33Ar 70 s.f. 1584 1.32
d.f. 1241 1.17 3.22 1.00
33Si 73.4 s.f. 1563 1.32
d.f. 1203 1.15 3.21 1.00
35Ca 70 s.f. 1640 1.34
d.f. 1261 1.15 3.30 1.00
45Ar 70 s.f. 1781 1.33
d.f. 1285 1.11 3.49 0.98
56Ni 73 s.f. 1896 1.30
d.f. 1350 1.08 3.65 0.95
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